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Which Are the Correct Membership Functions?
Correct “And”- and “Or”- Operations? Correct
Defuzzification Procedure?
Olga Kosheleva, Vladik Kreinovich, and Shahnaz Shahbazova

Abstract Even in the 1990s, when many successful examples of fuzzy control appeared all the time, many users were somewhat reluctant to use fuzzy control. One
of the main reasons for this reluctance was the perceived subjective character of
fuzzy techniques – for the same natural-language rules, different experts may select somewhat different membership functions and thus get somewhat different control/recommendation strategies. In this paper, we promote the idea that this selection
does not have to be subjective. We can always select the “correct” membership functions, i.e., functions for which, on previously tested case, we got the best possible
control. Similarly, we can select the “correct” and- and or-operations, the correct
defuzzification procedure, etc.

1 Formulation of the Problem: Is There Such a Thing as the
Correct Membership Function?
Need to translate imprecise (fuzzy) expert rules into a precise control strategy.
In many application areas, be it medicine or engineering, some professionals are
more successful and more skilled than others. It is therefore desirable to somehow
incorporate the knowledge and skills of the top experts into a computer-based system that would help other experts in their decisions.
Top experts are usually willing (and even eager) to share their knowledge. Some
part of this knowledge they describe in precise numerical terms, such as “if the
body temperature is above 100 F, take aspirin”. The problem is that a large part
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of the experts’ knowledge is described not in such precise numerical terms, but
in terms of imprecise (“fuzzy”) words of natural language like “high” or “small”.
To incorporate this knowledge inside a computer-based system, it is important to
translate such knowledge into a precise form.
This was the main motivation of Lofti Zadeh when he invented fuzzy techniques;
see, e.g., [1, 4, 9, 13, 14, 18].
Fuzzy techniques: general idea. To explain the problem with which we deal win
this paper, let us briefly refresh the main ideas of fuzzy techniques. We will explain
these ideas on the example of the most frequent application of fuzzy technique –
fuzzy control. Specifically, we will describe the main ideas behind the simplest (and
most widely used) approach – Mamdani’s approach.
We consider a system whose state, at any given moment of time, is characterized
by n numerical values x1 , . . . , xn . For example:
• For a simple moving point-size object, the first three parameters are coordinates
and the second three parameters are three components of the velocity.
• For a car, we have two spatial coordinates, two components of velocity, and parameters that describe the orientation of the wheels, the engine’s regime, etc.
We want, based on the values xi describing the system’s state, to recommend
an appropriate control. The control may also be described by several parameters.
Let us concentrate on recommending one of these parameters; we will denote this
parameter by u. In these terms, we want, for each tuple x = (x1 , . . . , xn ), to find an
appropriate control value u.
To find this value u, we have several (K) if-then rules provided by the experts,
i.e., rules of the type “if Ak1 (x1 ) and . . . and Akn (xn ), then Bk (u)”, where k = 1, . . . , K
is the number of the rule, and Aki and Bk are imprecise properties like “small”.
In general, once we have such rules, then the control value u is appropriate for
the state x if:
• either the first rule is applicable – i.e., its conditions A1i (xi ) are all satisfied and
its conclusion B1 (u) is also satisfied,
• or the second rule is applicable – i.e., its conditions A2i (xi ) are all satisfied and
its conclusion B2 (u) is also satisfied, etc.
If we describe the property “u is a reasonable control for the state x” by R(x, u), then
the above statement can be described in the following symbolic form:
R(x, u) ⇔
(A11 (x1 ) & A12 (x2 ) & . . . & B1 (u)) ∨ (A21 (x1 ) & A22 (x2 ) & . . . & B2 (u)) ∨ . . .

(1)

First step: membership functions. The formula (1) may looks like a normal logical
formula, but it is not:
• in a usual logical formula, every statement is either true or false, but
• here, a statement like “98 degrees is a high fever” is only true to some extent.
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In the computer, true is represented as 1, and false as 0. Thus, to represent statements
which are not exactly true and not exactly fully false, Zadeh proposed to use real
numbers intermediate between 0 and 1.
Eliciting such numbers for each statement is a usual think in polls, when we are
asked, e.g., to estimate, on a scale from 0 to 10, how satisfied we are with the given
service. People usually have no problem assigning some numerical value to such
statements. The only thing we need to do to get a value from 0 to 1 is to normalize
this number – i.e., in our example, to divide it by 10.
For each of the quantities xi , we can select several possible values xi1 , . . . , xip .
Then, for each of these values xiv and for each of the corresponding properties Aki ,
we can ask the expert to estimate the degree to which this property is satisfied by
the given value. This degree is usually denoted by µki (xiv ).
Of course, there are infinitely many possible real numbers xi , and it is not possible
to ask the expert about each of them. So, to find the degree µki (xi ) for all other
possible values xi , we need ro perform some interpolation or extrapolation. As a
result, we get a function µki (xi ) that assigns, to each possible value xi , the degree
to which this value satisfies the property Aki . This function is called a membership
function corresponding to the property Aki .
Similarly, we design a membership function µk (u) describing to what extent the
value u satisfies the property Bk .
Second step: “and”- and “or”-operations. Once we know the expert’s degrees of
confidence µki (xi ) and µk (u) in statement Aki (xi ) and Bk (u), we need to estimate the
degree to which the statement R(x, u) is true. For this purpose, fuzzy technique uses
special functions f& (a, b) and f∨ (a, b) known as “and”- and “or”-operations (or, for
historical reasons, t-norms and t-conorms):
• the function f& (a, b) transforms the expert’s degree of confidence a and b in
statement A and B into an estimate for the expert’s degree of confidence in the
statement A & B; and
• the function f∨ (a, b) transforms the expert’s degree of confidence a and b in
statement A and B into an estimate for the expert’s degree of confidence in the
statement A ∨ B.
By using these operation, we can find, for each u, the degree µr (x, u) to which the
control u is reasonable for the input x as
µr (x, u) =
f∨ ( f& (µ11 (x1 ), µ12 (x2 ), . . . , µ1 (u)), f& (µ21 (x1 ), µ22 (x2 ), . . . , µ2 (u)), . . .).

(2)

Final step: defuzzification. If we are designing a recommender system, then the
degrees (2) is all we want.
However, if we are designing a system for automatic control, then we need to
transform the membership function (2) into an exact value ū. This process is known
as defuzzification.
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The most frequently used defuzzification is based on minimizing the mean
squared difference (ū − u)2 between the estimate and the actual (unknown) value
of the optimal control – so that the term corresponding to each u is weighted by the
degree µ(x, u) to which this value u is reasonable. In precise terms, we minimize
the expression
Z
µ(x, u) · (u − ū)2 du.

Differentiating this expression with respect to ū and equating the resulting derivative
to 0, we get the following formula
R

u · µ(x, u) du
.
ū = R
µ(x, u) du
This formula is known as centroid defuzzification.
Problem: this is all very subjective. One of the main problems is that all this
sounds very subjective. One expert may draw one membership function, another
expert may draw a somewhat different one. Because of this subjectivity, many users
are reluctant to use fuzzy techniques.
A natural question may be: which membership function is a “correct” one? At
present, the usual answer is: there is no correct, objective membership function, it is
all subjective.
Our opinion. What we argue in this paper is that while, yes, the existing membership functions are subjective, there is such a thing as a correct membership function
– as well the correct “and”- and “or”-operations, etc.
Actually, our arguments will be very straightforward and simple. However, they
seem to be novel and, in our opinion, are important, so we decided to write them
down and to promote them as much as possible.

2 In Each Application Area, There Are the Correct Membership
Functions: Our Arguments
Towards an idea. In the control case – where fuzzy techniques are most frequently used – the main objective of the fuzzy technique is to transform the naturallanguage-based fuzzy rules into a precise control strategy.
If we use different membership functions, we get different control strategies. For
each specific system, some strategies are better, some are somewhat worse.
There is usually an objective function that describes what exactly we want. For
example, when planning a route for a self-driving car:
• in some situations, e.g., in emergency, we want to find the fastest way from point
A to point B;
• in other cases, we want to find a way that – within a given time limit – will lead
to the smallest amount of pollution;
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• for sending delicate fragile objects, the objective may be to make sure that the
ride is as smooth as possible – in some precise sense.
Thus, there exist membership functions for which this objective function attains the
largest possible value – these membership functions are the best of this particular
situation and are, thus, the correct ones.
So what? At first glance, what we just wrote may sound reasonable, but on second
thought, this does not sound convincing at all. The only way to find the correct
membership function is to know the exact system, and if we know the exact system,
then we do not really need the fuzzy techniques: instead of optimizing membership
functions, we can simply optimize the control itself.
Still, there are correct membership functions. If we only had one system to control, then, true, the above idea would make no sense at all. In practice, however, we
have many different systems to control – and for each of these systems, we may
have many different situations to control, with many different objective functions
(as we have mentioned above).
In all these situations, the same users provide rules by using largely the same
natural-language words. So, a natural idea is as follows:
We consider all the situations s1 , . . . , sa for which the users provided the rules and
for which the system is actually known. For each of these situations, we know the
corresponding objective function. Let us denote by Fi (µ) the value of the objective
function which is obtained in the i-th situation if we use a combination
µ = (µ11 , µ12 , . . . , µ1 , µ21 , µ22 , . . . , µ2 , . . .)
of the membership functions. To each of the situations, we assign a weight wi describing this situation’s importance. In this sense, the overall objective function has
the form
F(µ) = w1 · F1 (µ) + w2 · F2 (µ) + . . . + wa · Fa (µ).
Then, we find the combination of membership functions µ for which this overall objective function attains its largest possible value. The membership functions
from this combination are thus the best (most effective), i.e., correct membership
functions.
How are these correct membership functions useful? Why do we need to know
which membership functions are the best for known situations? Because usually,
there are many unknown situations, i.e., situations:
• in which we do not have exact expressions for the system, and
• for which the only thing we know are expert rules.
These are exactly the types of situations for which fuzzy techniques were invented
in the first place. Since the “correct” membership functions worked well on previous
situations, it is highly possible that they will work well in the new situation as well.
Finding the correct membership functions will make applications of fuzzy techniques easier. If we use the above idea, then, in each application area, after we have
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found the correct membership function, there is no longer any need to elicit membership degrees etc., no need for any subjectivity at all – all this will be now done
“under the hood”, inside the system.
All the expert has to do is supply rules, and the system will automatically translate it into a control strategy – by using the stored “correct” membership functions.
Of course, with new applications, we may need to update what we mean by correct membership functions. Of course, for new systems, we may also gain some
information about how they actually work, and thus, be able to estimate possible
numerical consequences of different combinations of membership functions.
We will then be able to add this new system to the list of situations based on
which we search for the correct membership function, and thus, maybe come up
with new, slightly different “correct” membership functions.
Caution. We are not yet describing how to find the “correct” membership functions,
we are just explaining why finding such correct membership functions may be very
useful. There are many different optimization techniques, so we should not worry
about how to optimize – although, of course, it would be nice to see which optimization techniques are more efficient for finding such “correct” membership functions
(see our discussion in the next section).

3 Not Only Membership Functions
Not only membership functions. Why limit ourselves to selecting membership
functions? We can similarly select the best “and”- and “or”-operations, the best
defuzzification procedure, etc.:
• we find the “and”- and “or”-operations and/or a defuzzification procedure that
work the best on known cases, and
• we can then use these optimal (“correct”) “and”- and “or”-operations and defuzzification in new situations.
This has been partly done. For a medicine-related recommendation system, this
was done by the designers of the world’s first expert system MYCIN, an expert
system for diagnosing rare blood diseases; see, e.g., [2]. To find the best “and”operation, the designers of MYCIN selected numerous pairs of related statements
(Ai , Bi ), i = 1, 2, . . ., and asked the experts to estimate their degree of confidence ai ,
bi , and ci in the statements Ai , Bi , and Ai & Bi . Then, they found an “and”-operation
f& (a, b) that provided the best match for all these cases, i.e., for which f& (ai , bi ) ≈ ci
for all i. This can be done, e.g., by the usual Least Squares technique, when we
minimize the sum
( f& (a1 , b1 ) − c1 )2 + ( f& (a2 , b2 ) − c2 )2 + . . .
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This selection – as well as the similar selection of the most efficient “or”-operation
– led to a very successful expert system.
Interestingly, at first, the MYCIN designers thought that they found general laws
of human reasoning. However, when they tried to apply their “and”- and “or”operations to a different application domain – geosciences – the results were not
good. It turned out that in different application domains, different “and”- and “or”operations work best. This makes perfect sense; for example:
• in medicine, unless we have a real emergency, it is important to be very cautious,
so as not to harm the patient; so, the doctors do not recommend a serious procedure like surgery unless they are reasonably sure that it will be successful – and
they perform a lot of tests if they are not sure;
• on the other hand, if an oil company is too cautious, its competitors will be the
first to exploit the new possibility, so actions need to be bold; empty wells and
resulting losses are OK (and inevitable) as long as overall, the company is profitable.
For control, also, depending on different objective functions – whether we want
stability or smoothness – different “and”- and “or”-operations turn out to be better;
see, e.g., see, e.g., [6, 7, 8, 10, 11, 12, 13, 16, 17].
An interesting possibility. It may turns out that several different combinations of
membership functions, “and”- and “or”-operations, and defuzzification lead to exactly the same control and are, thus, equally good.
This happened in physics, where, as the famous mathematician and physicist
Henri Poincaré noticed in the early 20 century, we can describe the same gravity
phenomena is different geometries – we just need to modify physical equations:
• we can have Einstein’s curved space, then particles move along inertial lines, or
• we can have the flat Minkowski space-time in which gravity is an extra force;
see, e.g., [15] (see also [3, 5]).
If such a situation occurs in fuzzy – that several options lead to equally good control (or equally good recommendations) – then out of several equally good options
we can select, e.g., the one which is the easiest to compute.
We can go even further. Why limit ourselves to the usual [0, 1]-based fuzzy sets?
We can alternatively consider interval-valued (or, more generally, type-2) interpretations of natural-language words, in which, for each possible value x hof the corre-i
sponding quantity, instead of a single degree µ(x), we have an interval µ(x), µ(x)
of possible degree values.
It would be interesting to know which technique leads to the best control and/or to
the best recommendations. This will convert current philosophical and case-by-case
discussions into a practical problem: as the proverb says, the proof of the pudding is
its eating. Maybe in some application areas, type-1 will be better, in others type-2?
We can similarly compare Mamdani’s technique with a sometimes used fuzzy
logic technique, in which we use fuzzy implication f→ (a, b) to get a more direct
description of the expert’s rules:
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µr (x, u) = f& ( f→ ( f& (µ11 (x1 ), µ12 (x2 ), . . .), µ1 (u)),
f→ ( f& (µ21 (x1 ), µ22 (x2 ), . . .), µ2 (u)), . . .).
It would be interesting to know which one leads to better control or better recommendations.
Similarly, we can compare the fuzzy approach with probabilistic approaches proposed for describing natural-language rules.
Opportunities are endless, let us follow them, there is a lot of work ahead!
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